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Breaking the symmetry is paramount in several instances:

— modeling complex phenomena
(Finsler manifolds, oriented graphs...)

- remedy lack of smoothness
(convexity, subdifferential theory;
PDE / theory of viscosity solutions)



Breaking the summebry is paramount it several instances:
N J YL p

— modeling (:OMF?L?.X Pkemamav\a
(Finsler manifolds, oriented gmghs...)

- remedy lack of smoothness
(convexity, subdifferential theory;
PDE / theory of viscosity solutions)

M. Gromov on requiring symmebry tn the definition of metrics:

“wThis unpleasantly Limits many applications: the effort of climbing up
to the top of a mountain, in real Life as well as in mathematics, is not
at all the same as descending back to the starting point.”

Intro of the book
“Metric Structures for Riemannian and Non-Riemannian Spaces”



Functional analysis:
S. Cobzas, Functional Analysis in Asymmetric Normed Spaces, Birkhauser, 2012

Mekric anaijsis
Cabello-Sanchez, Grarrido, Jaramillo ...

Akian, Gaubert, Vigeral

Gromov compactification, Martin boundary, Oriented horofunctions

Finsler gaomeﬁrjz
D. Bao, S-S. Chern, Z. Shen, An Introduction to Riemann-Finsler Geometry, vol. 200, Springer
Science & Business Media, 2012.

M.A. Javaloyes, L. Lichtenfelz, P. Piccione, Almost isometries of non-reversible metrics with appli-
cations to stationary spacetimes, J. Geom. Phys. 89 (2015) 38-49.
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Viscosity solutions: (Partial Differentiol Equations)

Instead of solving|F(x, u(x), Dulx), Tulx)) = ©

we solve F?‘(x,cf(.x), Dcf(.x), "027( cMN<o for c’a zu \% (arcund x),
and p(x,\\;(_x), ‘D* (x), 'Dax‘; )20 for \\‘ <u bte c*

Convex anaivjsis:

HZI
convex function:
epi({) c X x R convex QFE'(‘F)
()S(d.) - SL ?678 L %_? abbains a minimum at x-g

v



Nonsmooth analysis (Unilateral ahatjsis)
Replace:  graphs by epigraphs
tangent spaces by tangent cones
normal spaces by normal cones

derivatives (gradients) by subdifferentials (subgradients)

PEB{:(") L= (F’;'l) € hipi@igx’%(x))




Typical non-symmetric objects

{a}+:= max {a,0} (asvmme&ric hemi-norm in IR )

Tk !m{: f:&\f {M)Qf (asymmetric uniform norm on 1)

(De Griorgi, 19%0)

N — {FOO-Ft
L ope: = Limin
QLTrLC S P S«S— K j;“:‘;x o{(j,x)

v f £ is convex, then s.(x) = 4(0,d£(x))
-S: —
subdifferential



Meta-theorem  (sensitivity type resulk)

1f the slopes of two convex functions are close, then

the functions should also be close (in some sense),

Let §, 9 be convex continuous functions in R,

Sek C .= argmin(f) and U ={ xelR: dxCd g}

T M-l g T sloy M- Fly

bo\muud\is—brusvio&skij

Proc. Amer, Math, Soc., (2023)



Set-valued analysis (coderivatives)

T X2Y (convex) positively homogeneous

(TCx-\- \3\ c Y& -\-TC\)) ’>
TAW = AT , A50

\\T\\* = Su

oz 4 ‘;\QT(’L')

Sup \\3\\, noTm

Given F:X3Y and (k) € gph(F), we define the co-derivative:

’Tzﬂﬂa,?ﬁ): y2x through the relation:

(i ) € 9phlT) = (4 ") eN | (o)

Y =2IR and F(x) = [(x),+»2) where § is convex (resp. smooth)
then D FOGF0D) = R,{(1, p): pedfGOl (resp. R (L, DFGN)



Case X = [R: (sweeping process dynamics)

S: leﬁn /X(o\

5 N5 (D) .
D{e 6(‘“ ¢ -NSH\(%H)) / 3(0)

teR

o) ¢ S(9)
moving set
\6&\
R" Sweeping process S ({/ )
S:R=R" (
A(t) € =N (+(1)) ‘((/ =
=~ 7y
4 -
HD*S(t,JJ)”+ = sup {|a| ca€ D*S(t,x) (U)} MOdMLMS Q‘F Ccderivakive —
llull<1 (tame sweeping Protess)
1D*S(t, 2)|*" = sup {a+: aED*S(t,x)(u)}, asymmetric modulus of coderivative

i<t (adapted for the asymptotic analysis of a general process)

Daniilidis, Tapia-Grarcia
Math. Oper. Res. (2023)



Quasi-mekbric space
(X,d) is called guasi-metric space i

(L), d(x,2) < d(x,v) + d(j,z.) for all x4,z A X

/ . d(x,y)=0
H) x=y 4 and only 7 d.(.x,j) zo |or| (). X=9 i and ohiy t { dé;,gzo

4 quasi-dis Fance 4 quasi—hemi—dis&auce

(). dx,x) =0 and 430

The definition allows dlx,y) # dlyx)

and one of the two can be 0 (for quasi-hemi-distances).

Index of o\stjmme&rv: sup o3 i e Yo,-»m_j



Notice that
B () := fyexX: Ay art £ By = { yeX: dlyx) <ri

forward ball backward ball

T backward topology

7, forward topology 2
! : (generated bj {B(x,r): xeX, rrol)

(generated by {BYx,r): xX, r>ol)

The above topologies are always first countable and T, (but possibbj not T,)

If the index of asymmetry is not +& then both topologies coincide

with the metric topology of the symmetrized distance,



Convergence (forward Eopotogj)

ar
We say that x —> x i dlx,x) —> 0. (The Limit might not be uni.ques

N— 66

Example (non-uniqueness of forward Limik)

Let {x } ‘ be a sequence of distinct elements and Let %, § be distinct to each
other and to any element of the sequence x|

Define d(x, x.) = &(g, x,) = 1/ and dlx, y) =1 for any other case where x # v,

G T .
> X and X=>9 .
wn

W

Notice thab the s:,mme&riz.eo\ distance

DS (’93) = max {d(x;j>; d(‘j}"*) }

is discrete



Exam PLe.

N -, f uzx
(R 4) d oy = fyxf = {5 ¢

0 , & uex

The forward topology is generated by the (forward) balls

BY(x,r) = (=, x+r), for every xeX, r>0.

Proposition

The quasi-metric d, characterizes upper semi-continuity: a function from a
topological space f : (X, 7) — R is continuous for the forward topology of (R, d,)
if and only if f is upper semi-continuous for the usual topology on R




Asvmmeﬁric‘: normed space

C‘)( “,\3 is called asymmetric normed space i

@ Ihxryl < IIx] + iyl for all x, y in X

@ Iax] = x|, for all xX and ) > 0.
) {”xl =0
({it). x=0 i and only if [|x|=0 |7 (). x=0 f and only if | [|-x]=0

l.] asymmetric norm II.] asymmetric hemi-norm

It is not a topological vector space (in general).

Finite asymmetry, i AM>O such Hhat W-ad s M) S ol we X

L, [l.] defines the same topology as the symmetrized norm ]l := waax{]lx], []-x]}
S



Given an asymmetric (hemi) norm we can define an asymmetric

(hemi) distance as follows:

d(";j) = ”jﬂx'
— Hahn-Banach theorem still holds (!)

e The dual space (= space of [|.|-bounded Linear functionals)

is ho longer a linear space (it is a normed cone instead!)

— Completeness can be defined through the symmetrized norm

(Bi-—compte&i,on)



| \
Example: Y= 9§ Se Clo1) - QB Sldh=o

15l o= mex  LSWY = W8¥ W,

W tlon
R :
i
Y A Ik is Possébi.e to have:
]
XS,\}_“ c A
1\ Sh\mz %C —0  and
—’V\ _____ —— I —

v\"gh\m:w\ —> 0

%i'. X — \R %\3.\(‘97\3 =0 %k c X\)r
INERER IR 3 -E)=-n —> - (et \sel) by 3.4 X°



Need to consider the notion of normed cone
Definition (Abstract cone)

A cone on R, is a triple (C, +,-) such that (C,+) is an Abelian monoid, and - is
a mapping from R, x C to C such that for all x,y € C and r,s € R.:

O r (s-x)=(rs)-x,
@r-(x+y)=(r-x)+(r-y) and (r+s)-x=(r-x)+(s-x),
®1l-x=x and 0-x=0.

A (conic) norm ||| is defined in a similar way
as the o\stjmmefzréc norm i Linear spaces.



Let || - | be a conic-norm on a cone (C,+,-). Then the function d. defined by

inf ||z|, ifyex+C
zeC
de(X,y) == V=kArz

~+00, if yé¢x+C

is an extended quasi-metric on C.

If C is a linear space, then de(x,y) = [ly - x|.



Given an asymmetric norm ||| (resp. quasi-distance d)

we can define (canonical) as follows:
Xl = waaxd Il ll=x] § or Il w2 Ix] + [l=x]]
° A
(respectively,

2&";3)3: MQX{A(X,'j), d(‘j;"*)} or "Dssx;j) = d("*;j) + d(.'j;") )

Question: what about (canonical) ?



ASY MMETRIZATION

There is a natural way to asymmetrize the norm of the classical

Banach spaces (ie. spaces of sequences or functions)

s For sequences x = {xh}'\u

replace |x,| by {x“}* := maxix ,0} for all neN

Examples: OO c\i\“;%xx“x* o) el = wax PRY

o For real-valued functions §

replace  [f()] by {nf(x)}*-:: max{f(x), O for all x

Examples 4
LG V8l s iﬁvm‘{'e\km Cleotn) 4 gL = sue LRESYT

% ey 0



Question: How to asymmetrize a general normed space ?

We know the answer for classical Banach spaces

Elverj mebric space embeds Lsema&riaauj inko a Ranach space:

Arens-Eells space, free Lipschitz space (Kalton-Godefroy)

=i e N> tosevitz . SGL) =D
(Y’A§ W\Q’lY{C S“mce \ %EX \_(PO(XB ~-{t\>~‘k \RJ L psenitz ’3 ;

S\ -9 &)
\l “ = Su
# L }L*g A(\j,&)

(u 2.0, WL Banach space.

W, ¥
SO = span V8, xe XX = Q_(?b(x\}

w
X Ly (LpGo,0)
- 3@ = $6, ¥aeliphd

X —s J (Divac)

3, = 183l o= sup LeGH-4ta]
EIRSY



Take as metric space our Banach space (X, [|']]) and base point *,=0.

Sebt L:= Lf.p(X) and denote bv () the duatt&v map of the pair L Ay

Then:

Q7 :=

sup (¢,Q), for every Q € F(X).
e L

ol <1

Let P be a generating (closed convex) cone of L (ie. X = P-P)

such thak: Vo € L, d¢1,¢02 € P: {

¢ — ¢1 — ¢27
max {||¢1z, [¢2llz} < [0l < ll¢1llz + lld2lz.



We set:

|Q|7p = Sllp (¢,Q) for every Q € F(X)| P-asymmelrization
o< of F=50x)

Il L <1

We call the asymmetrization canonical is P is of the form:

P:={pecL:T¢p >0}

where T is a Lineal asymmetry that identifies L (= Lip (X)) with

some Bawnach latkice in a nakural way, ¢

Example: Y bel - &> 0\3 = \_+
T



Asymmetrization of Lipschitz free spaces

|

Asymmetrization of arbitrary metric (or norm) spaces

We can induce an asvmmel‘:riza&om of a metric space (X,p)
‘via a P-asymmetrization of its free space F=T(¥D)
DP(HS,y) — ”(Sy - 5:1;‘]:13 = Sup (¢(y) - ¢<x>) for all z,y € X.

peP
Il <1



Example: Consider |R as a mekbric .space with distance Dixy)=|ly-x]|

Then. L = Lip R
N
i) Asymmetrization through L= Lhel ¥ Lb%

D, o = I\Stj\-&m\s;f_ el ! ) - $6)) Ks “«\w\\%—*‘)\n\xg
% >0

Then 1§ 0¢%4y , we fave Doy = ya) (hke =1t

Thes DoAY znd bub Dnd< 4 Lov all w2

i) Asymmetrization through P=selt & 20 \ o
D*(i)\.SB - S\AP Y_#(ﬁ\—<x>6<\1 = MMV Sl\.s-y.]ﬁts = '\A.kﬁ-)(\ = A“(X,\“D
Al < b
‘“\cwasin%



ASjmmeErizo&iom VS svmmef:réz.a&mh

Non-linear
dual /(

L = Lipy(X, D)

b(z)—¢(y)

rFy

(X, D)

D(z,y) = 16y — bl 7

D (z,y) = |16y =0z 7,

3,

Linear
dual

F(X)

1QllF == sup (¢,Q)
€L

lellL<1

|

IQlF, == sup ($,Q)

peL,p>0
lollL<1




Asvmmef:riz.a&iom VS svmmef:riz.o\&on

L= LipO(Xa D)

_ P(x)—(s
ol = sup #5511

Non-linear Linear
dual /‘ dual

(X, D) F(X)

D(z,y) = |6, — 6.]| — Q= sup (5,Q)
[lollL<1

l ’>sjmmebrizakiou l > symmetrization

D (z,y) = [16y—bz| 7, 1Ql7, = ¢ESLU£>>O<¢, Q)

lléllL<1

The spaces LLPO(X,D) and Lipo (X, Di) are Linearly isomorphic



As:}mme&rizaﬁian VS svmmehiz.o&ion

Non-linear
dual /(

(X, D)

D(z,y) = |6y — 0zl 7

]z = sup #5Ee
rF#yY
Linear
dual
8\ F(X)
? |Qll7:= sup (¢,Q)
¢eL
Il <1

l > symme&r:‘.z.o&:‘.on

D+(:L’, y) = ||6y_5x|]:+

—

l > Sjmmakrizakioh

||Q|f+ = Ssup <¢a Q)

¢€eL,0>0
léllz<1




Semi-Lipschitz functions

(%,d) quasi-metric space

Definition (semi-Lipschitz function)

Let (X, d) be a quasi-metric space. A function f : X — R is said to be
semi-Lipschitz if there exists L > 0 such that for any x,y € X

f(x) — f(y) < Ld(y, x).

Semi-Lipschitz functions are:
- Lipschitz in (X, D) where D= & (s:jmme&ri.z.ed distance)

- upper semicontinuous in (X, 4) (forward topology)

Admit McShane extensions, AMSL exkensions...



Example (Sorgenfrey line)

Consider [ equéyped with the quasi.-—clis&ance d:

) y-x, 1§ yrx
o\cx,ﬁ\,{ .

The function

“f(.x) = 4(0, X)

\g \541

s semL—LLpschf,&z:

“R’Q"‘f(j) = d‘(ol x) - d‘(.ot j) L d(.j; X)

bub it is not Lipschitz (ie. -f is not semi-Lipschitz) :

Indeed, for every r > O the quantity

00) - ) = £(-n) - HO) = A0, -1) = 1
cannot be controtled by d(-r, 0) = (0-(-r)) = r



Nounlinear dual of a quasi-metric space.

If|se:=sup H) = Fly)

semL-—LipschiEz.
constant d(y,x)>0 d(Yv X)

SLIP(X) := {f : X — R such that f is semi-Lipschitz}.

SLIPo(X) := {f € SLIP(X) such that f(xp) = 0}.

(SLIP(X), || - |s) and (SLIPo(X), || - |s) are normed cones.



Linear (conic) dualiby

Let (C,|| - |) be a normed cone, and|f : C — R a linear functional| TFAE

@ f is upper semi-continuous for the forward topology of C,
@ f:C— (R, d,) is forward-forward continuous,

® there exists M > 0 such that) f(x) < M||x| Vx € C,
® f € SLIPy(C,d.), where de is the extended quasi-metric induced by || - |.

dual

cone C* :={f: C — R such that f is linear and forward usc}.

dual *
f|™ == sup f(x
e 171" := sup £



Lipschitz free spaces (Kalton-Godefroy)

(X,D) pointed metric space (with space point xb)

Lip 00) = {ds X —> 1R Lipschita ;§(x,) =0} [Ipl] = sup T2

x*ﬁ D G50
3
3o o) — (Lpt M)
® Lsomefxrj
3(’13 =) /:\L /';t.(,@\ = #G}.}
_ Y - \
T () = span (8(x)) € \_x\ob(x\ SR =4 \_\?bbd

1ol = sup £Qé>, ¥QeFK)
5 el




Objective: define a Semi-Lipschitz free space

V\or\\‘\hav(

dual

(%,

U_'\\?(XX\\'\\L\

\Aua\

(360,10 )

V\N\\&m.ar

(S \JPDQX\ 3 \l*\s

onic &Ué\/

(%,d)

X
N
°

Main obstacle: the asymmetric analogue of Lipy(X) is not a linear space, but a
cone. Therefore, we had to:

@ Find a suitable framework to work with cones endowed with asymmetric

norms.v’

® Give a suitable notion of duality for these cones.

©® Choose a compatible notion of completeness and completion.




uasi-mekbric space SU Cx\ cone Of semi-
(%)CH 1 1 A Lipschitz functions

For each x € X, the evaluation functional X : SLIPy(X) — R defined by
X(f) = f(x) belongs to the dual cone (SLIP(X), || -|s)™.

N\ *
In addition, -x also belongs to (SLI‘FO (x5, ””\.)
S

l

* _
The cone (SLIF (X, ||.]| ) contains span{X: xeX as a Linear subspace
s\




Definition (Semi-Lipschitz free space)

The semi-Lipschitz free space over (X,d), denoted 3,(X), is the (unique)
bi-completion of the asymmetric (hormed) space (sth{Q: xeX}, HISL)*

The dual cone of I (K) is isometrically isomorphic to (SLI‘PO(X), 18] )*
st

nonlinear (S \JPD(X\ g “'\SD conie

(conic) V Nuod.

(%.d) (300,11




Universal Properﬁj

Let (X,d) and (Y, p) be pointed quasi-metric spaces, and
f € SLIPo(X, Y). Then there is a unique linear map Tr : Fo(X) — Fa(Y) such
that Trodx = dy o f, i.e. the diagram

X

Y
dx dy

]:a(X) _?_;> -Fa(y)

commutes, and || T¢| = ||f]s.




Relation to o\s-jmmeErizaEst

(X,D) mekric space ( g(K,DE J \. \\53

L= (LipO(XvD)7 H : HL) \

(P-asymmetrization)

d = ‘DP Recall: P generating closed convex cone of L (ie. X = P-P)
‘, satisfying: Vo € L, 3¢y, ¢0 € P b = b1 — oo,
max {[|¢1([z, @[} < |16llz < [l + 92l

(X,4) quasi-metric space

CF ), 1S

SL = (SLlpo(Xa DP)? H ) ’SD




AN

F =span{d(z) :z € X} C SL*| ﬁzspan{cS(x) cre Xt CL”

(Xd) Lo Tk (X, D) L— S,

F=span(6(X)) T Fu(X) C (SL)"

I

||| 7s-dense

ﬁ:spg;n(S(X)) C F(X)

I

||| 7-dense

1N

L*




LEMMA . (Isometric injection of P into SL). For every metric space
(X, D) and every P-asymmetrization (X, Dp):

(1) there exists an isometric injection of P into SL;
(ii) there is a non-expansive injection of SL into L.

PROPOSITION (|| - || 7 is equivalent to the symmetrization of || - |z, ).
For any () € F,

max {||Q|7,. |- Qlx} < @l < Q|7 +|-Qlr»
<2max{|Q|r,, [|-Q|r,}

THEOREM - (Compeatibility)  Let (X, D) be a metric space with a

P-asymmetrization. Then the symmetrizations of (F(X, D), |- |7p) and of
(Fa(X), || - |7,) are both isomorphic to (F(X,D),| - ||F)-




Exampi&s

* A B—FOiV\E quasi-meﬁric space

2
F (% o) =R, M)
. . - .
X = { x % %1 P quasi-distance T, % e) =Un, i
0/ AL
1
G d == 'y N |
% T ST 7
P | 1\ >N 1
7 I I\ !
,’ I 1" \\ |
z I \\| \ \\ 1
// ! [ !
4 (—I RS \2 IZ\ |
p 1 . S 1
{ | R N |
//‘\ o, i \\\\ A
’ '/’ | \y \\I
// /R | Mo & (1.0
B R [EZIRN B
4 > | | VY | \\
4 ’ ! ! N ! N
4
| ’ 4 ! v 8 1
1 4 y | 9 )
-3/2,-1/2 4 | \ 1
: )){{ N 1 v a ]
1 y [ \ % o)
z | \ I
— p: | VN |
! // | \ N 1
: ’I‘ 4 | \ \\ T |
’ \
——@—————— o o - ——md e ¢ - - - poooSEEmn—s -6 -
: 1 £ 11,1
3211 /2o X ©O-Nfs it
1 ’ i

Fig. Representation of the unit ball of SLip,(X, p) and its asymmetric polar, respec-

tively, with X = {zo, 1,22}, p(x1,20) = 3 and p(zs,x;) = 1 for i # j with (4,5) # (1,0)



* (N as a qu&si—-me&ria space

i 3 () = (Lan, L)
d(n,m) = 4 i m ¢ {0,n},
0 ifm € {O, ’I’L} \-y.\ Z_ ey \‘1“ 0\
* The quasi-metric space (IR, d.) T (R 4D = (i CRY -, \
c\m(i)\:)\ = W3¥% \\3-\“03 \\g\ - g\%&\\ Ak
A& ™

* Canonical asymmetrization of subsets of [R-trees



DEFINITION

(R-tree)

An R-tree is a metric space T satisfying:

(i) for any =,y € T, there exists a unique isometry ¢ =: ¢, of the closed
interval [0,d(z,y)] into T such that ¢(0) = x and ¢(d(x,y)) = y (the
range of this isometry is called the segment and is denoted by [z, y]);

(ii) any one-to-one continuous mapping ¢ : [0,1] — T has the same range
as the isometry ¢, associated to the points a = ¢(0) and b = p(1).

PROPOSITION

Let (X, D) be a subset of an R-tree. Then there exists
a canonical asymmetrization Dp of D such that the symmetrization of the
semi-Lipschitz free space Fo(X, Dp) is isometrically isomorphic to F(X, D).

The corresponding semi-Lipschitz free spaces are isomelrically

isomorphic ko (¢N(D), ]|

1,+) for some set ¥
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Asymmetric free spaces and canonical asymmetrizations
by

ARIS DANIILIDIS (Santiago), JUAN MATIAS SEPULCRE (Alicante)
and FRANCISCO VENEGAS M. (Santiago)

Abstract. A construction analogous to that of Godefroy—Kalton for metric spaces
allows one to embed isometrically, in a canonical way, every quasi-metric space (X, d) in
an asymmetric normed space F, (X, d) (its quasi-metric free space, also called asymmetric
free space or semi-Lipschitz free space). The quasi-metric free space satisfies a universal
property (linearization of semi-Lipschitz functions). The (conic) dual of F, (X, d) coincides
with the non-linear asymmetric dual of (X,d), that is, the space SLipy(X,d) of semi-
Lipschitz functions on (X, d), vanishing at a base point. In particular, for the case of a
metric space (X, D), the above construction yields its usual free space. On the other hand,
every metric space (X, D) naturally inherits a canonical asymmetrization coming from its
free space F(X). This gives rise to a quasi-metric space (X, D) and an asymmetric free
space F,(X, D). The symmetrization of the latter is isomorphic to the original free space
F(X). The results of this work are illustrated with explicit examples.
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